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ABSTRACT

Experiments have been conducted with liquid-filled shell in free
flight and with 2 liquid-filled gyroscope. The cavities in each were
designed to have 2 principal fluid frequency which was equal to the

nutational frequency of the respective systems.

Comparison of experimental results with predictions of the inviscid
theory of Stewartson showed significant Reynolds nmumber effects. Both
the rate of divergence of the nutational amplitude at resonance and the
widih of the resonarce band are Peynolds number dependent. Also, there
is a small shifi of resonance frequency with Reynolds number. The
experiments suggest, however, that in the limit, for large Reynolds
numoers of the order of Z_LO , the inviscid theory gives excellent

predictions.
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1. INTRODUCTION

Earlier experiments in the free flight ra.ngel* have provided data on
the dynamic bebavior of liquid-filled shell during the very early pert
of their trajectory. Observation showed that during spin-up of the
liguid, the shell were dynamically unstable for all f£ill conditions of
practical interest. Moreover, the instsbility, or the rate of divergence
of the nutational component of yaw, depended markedly on the specific
gravity of the liquid; i.e., for heavier liquids the divergence of yaw
was more rapid. For example, mercury-filled shell developed more then
80° of yaw in 150 feet of travel fram the muzzle. It was also found that
the spin-up of the liquid, as measured by the loss of angular momentum of
the shell in vacuum, was markedly accelerated by the development of
secondary flow within the cavity due to end effects. A theory for this
phenomenon has been developed and is in good agreement with the experi-

. 2
ments .

In the above experiments, no specific attempt was made to verify
Stewartsonts theory3 because for the particular cavity used, the
predicted resonance occurred only at 4S5 percent fill-ratio and relatively
few firings were done at this lcadirg.

To the best of our knowledge, Stewartson's theory has been previously
tested only twice. The first experiments were done by firing, at long
ranges, specially modified shell some of which were deliberately designed
to be unstable (resonate) according to Stewartson's criteria, and others
to0 be stable. These experiments were spectacularly successful. The
second experiments were made by G. N. Ward3 with a gyrostat. Ward
found good agreement with the theoretical prediction of the fili-ratio
at which the principal mode of instability should eccur. However, he
also found that the resonence band, or the range of fill-ratio over
which the gyrostat was unstable, was more than twice as broad as theo-
retically predicted. Considerations of va-riaus sources which might have

contributed to this discrepancy led to inconclusive results.

*

Superscript numbers denotz references found on page 39.
T




Ir view of the importance which Stewartson's theory may be expected
to play in the design of liquid-filled sbkell, it appeared desirable to
exemine this discrepancy further. Therefore, free flight tests were
conducted in the inclosed range under carefully controlled experimental
corditions. These tests were supplemented by tests with a liquid-filled
gyroscope. The gyroscope permitted tests over a wide range of Reynolds

numbers.

This report describes the results of these experiments.

2. FREE FLIGHT FIRINGS

The shell for these experiments were 20mm models. A schematic
drawing of the model is shown in Figure 1. The models were machined
£rom solid alumimm bar stock to have cylindrical cavities of prescribed
fineness ratios. The cavities were designed so that one of the principal
frequencies of the fluid was close to the nutational frequency of the
sheil. The aerodynamic characteristics of this configuration were
well known from previous workh. These and other characteristics as

inferred from the present firings are discussed in Appendix 1.

To test Stewartson's theory, the fluid must be fully spinning.
Consequently, with inclosed range firings the fluid must ccme to full
spin very rapidly. Previous tests showed that glycerine, y = 1000
centistokes, reaches full spin in about 40 feet of travel from the muzzle.
The remaining 240 feet of the range could then be used for relevant
observations during which the shell executes about ten nutational
oscilliations. ¥From prior physical and aerodynamic measurementé the non-
dimensional nutatiornal frequency of the model, Tn, uas estimated to be
0.06. The cavity was to be filled to 90 percent (b2/a2 = .10). There-
fore, from Stewartson's tabless’s R any cavity with height 2c¢ and

diesmeter 2a or fineness ratio
cfa = 1.051 {2j + 1) 3=0,1, 2,....

will have as its principal fluid frequency -ro equal to the nutational
frequency of the skell 7 = .06. For j =1, cfa = 3.153.
8
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In order to cuver a broader range of fluid frequencies, it was
decided to set the fill-ratio at 90 percent and vary the fineness ratio
from 3.03 to 3.29. This variation of c/a permits testing of shell
response to fluid frequencies v'arying from Ty = .03 to ¢ o= .09. At a
constan: fineness ratio, say c¢/a = 3.153, by varying fill-ratio, the
lowest attainable freguency at 100 percent fill would have been To = 04T
producing an asymmetrical distribution abous t = .C6.

Tpe observed nutational yaw damping rates of the liquid-{filied models,
corrected for normzl aercdynamic damping, are shown in Figure 2. These
were obtained by the usual analysis of range firings. Also shown are
theoretically predicted rates. As can be seen, there are significant
differences between the theoretically predicted and the observed behaviors.
e shall defer discussion of these differences until after presentation

of the experimental resulis from the gyroscope tests.

3. GYROSCOFE

3.1 Description of the Apparatus:

The instrument shown in Plate 1 weas originally designed and built
during the last war to study the dynamics of liquid-filled shell. The
rotor was a medified 4" shell which was driven by an air turbine, the

air being admitted through the outer and inner gimbals.

For our purpose it was altered by discarding certain components.
A new rotor was built containing a removable lucite cyliundrical cavity
of meximum inner diameter 2.50" and height 12.90" or fineness ratio
¢/a = 5.16. The full capacity of this cavity is 1038 cc. Unfortunately
the center of the cavity was above the pivot point which presented
certain experimental inconvenience. However, the center of mass of the
whole system could be varied by adjustable rings on the rotor and the
inner gimbal. Most of the experimerts were conducted with the gyroscope
in a stable position; i.e., with the center of mass of the system below
the pivot point. The inner and outer gimbals were mounted on ball
bearings.

10
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The oscilletions, about one gimbal axis, were measured with strain
gages mounted on 2 strip of .015" stainless steel shim stock. The strip
was spring loaded and attached to the outer gimbal, see Plate 1. The
geges formed part of a hridge circuit whose amplified output was monitored
on a2 photographic recorder. Tworecords are shown in Figure 3.

The spin of the rotor was measured by a sm2ll pick-up coil mounted
on itke inner gimtal and two sz2ll magnets on the rotor. The output was
recorded on a tachomeier and on an electronic counter. The rotor could
be spun in excess of 10,000 rpm withreasonable safety; however, most of
the experiments were conducied a2t lower spins.

Tne transverse moment of inertia of the gyroscope could be-varied,
within narrow linits, by the adjustzble rinss. An example of the
characteristics of the gyroscope with empty cavity (c/a = 5.16) and

certain position of the rings is:

Weight, rotor and inner gimbal, lbs. 25.80
Homents of inertia: T"o’ lbs-in2 32.52
I, , 1bs-in® 865.5

o
I, , lbs-in® 833.8

o

850

=
1]
";a

-3

fte
=4

[}
&

3.2 Experimental Results:

Fron preliminary experiments with a completely filled (c/a = 5.16)
caviity, the nutational frequency cf the gyroscope was found to be closer
to .040 than to .038 as given above. For this cavity, from Stewartson's
tables, one finds that resomance, i.e., 7 .= T = .040, should occur at
o2 percent fill-ratio. The resonance, at this fill-ratio, should occuw
in any cavity whose fineness ratio satisfies the condition
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c/a =1.032 (25 + 1) j=0,1, 2....
Thus, for j = 1, cfa = 3.10; for j = 2, c/a = 5.16, ete. th of these

cavities were used.

In order to cover a broad range of Reynolds numbers, the following

-

iiguids were tested:

Licuid 5 ce v, C.S.
Mercuxry 13.6 e.1
Water 1 1
Silicon Qil 1 10
Glycerine 1.25 10C0

Preliminary to various tests with liguids, runs wers rade with empty
gyroscope in order to establish the nutationzl damping rate dus to
bearing friction. Tne damping was zlways smzll, 2bout .C17 per second,

and was z2pplied as a2 correction in all tesis.

A characteristic of the tests with iliquids wes thai insiabiliiy wes
self-generating only in the vicinit{y of resonance. The widih of the
resonance band within which self-generation occurs {either in ierms of
+ percent of £ill, or-.’;-:o's) increased with highe:r spin, higher specific
gravity of the liauid, znd lower j values. The effeci of spin can be
seen in Figure 3. For c¢fa = 3.09 and 100 percent £iil, the instability
is seif-generating at 60C0 rpm; at 4000 rpm an artificial initial

disturbance was necessary.

For the c/a =5.16 cavity, the combined experimental resulis and
theoretical prediction are shown: in Figure 4. Figure 5 shows the resulis

=

for oii and glycerine at 4000 and 6CCO rpm in greater detail. Similarly,

[

Figures 6 and 7 show the experirental results for c/a = 3.C9.

As can be seen from Figures L through 7. the resonance band at
shorter frequencies, i.e., higher fill-ratios, is cut-off at zbout T =
0.30, producing a truncated distribution. To test whather the resonance
bard is symmetrical about its maximum, a slightly shorter caviiy, cfe =

3.03, was tested. Shortening tbe cavity has the effect of shifting the

5
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resonance to lower fill-ratios. The results are shown in Figure 8. For
glycerine, the band is still truncated, but for oil, the response is

symmetrical about its maximum.

4. DISCUSSION

Stewartson's theory of the instability of liquid-filled shell indicates
thet in the vicinity of coincidence (resonance) between one of the fluid
frequencies, Ty? and the nutational frequency of the shell, T, the
ampiitude of tke nutational component of yaw will grow as

a,t
1
e (o) =wr)

where @ is axizal spin of thke shell and

1=l/2fs—(1°-?n)2

25
= 2R}"a " ' motay!!
S= Ix s o/a Stewartson's parameter

fluid density

P

2R is a tabulated function to be found in Stewartson's tables;

it varies with TS and percent of fill.

a = radius of the cavity
6=,/1-1/s, s = gyroscopic stability factor.

For instability, T must be real, cor
2
S - (10 - -:n) >0
which leads to the well known Stewartson instabilitv criterion:

(7, - 7,)

-l<-—s-]7'2— <1

20
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The half-width of the band of instability is

AT=/§

The maximum rate of divergence is at exact resonance, Ty = ‘tn , for
which
w
(o ==/8 er second.
( l)ma.x 2 P

The theoretvical curves were computed using these relaticns.

Observed results both in free fiight and with gyroscope differ
significantly from the predicted behavior. The differences appear to be:
(z) observed maxima of divergence are considerably lower than
predicted and show marked dependence on viscosity
(b) the width of the resonance band also is considerably
broader than predicted; the width increases with viscosity
{¢} +there appears tc be 2 shift of (To)max relative to T
with viscosity.
It ic instructive, as a first guess, to correlate these effects with

Reynolds nurbers.

4.1 Correlation with Reynolds Numbers:

de define the Reynolds number of the fluid in the cavity as:

N)

Re = &
v

The following are the Reynolds numbers of various tests:

v C.S. Re
» Free Flight, Glycerine 1000 7.C x 102
Gyroscore:

4,000 rpm 6,000 rpm

6

Mercury 0.1 - 6.3 x 10

Water 1 4.2 x 10’ 6.3 x 10°

0il 10 5.2 x 10° 6.3 x 10"

2 - 2

Giycerine 31009 k.2 x 3¢ 6.3 x 20

We shall consider the three observed differences in turn.
22
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a. The Heigh*t at Resonance

The ratio of theoretical to observed rate of divergence at
resonance

is plotted vs. Re in Figure 9. Gyroscope results correlate quite well.
From the trend of the correlation curve it would appear that an agreement
with theoretical prediction would be attained at higher Feynolds :umbers.
An aitempt, therefore, was made to test mercury. Tests with c/a = 3.09
and 3.03 cavities were unsuccessful because of vioient divergence. Partial
success was 2chieved in the cfa = 5.16 cavity. The resulis are shown in
Figure 20. An extrapolation of the results to resomance, an uncertain

or scedure, suggests that the resonance would occur near Tn’ as predicted,

3]

nd the rate of divergence, at resonance, would be close to the theoret-
ically predicted value. However, if one incorporates into Figure 9 two
other available date points: from free flight tests and Ward's result
(see Appendix L), these disagree with gyroscope results.

b. The Width of the Resonzanee Band

The resonance band shows progressive widening as viscosity in-
creases. At higher viscosity it also exhibts surprisingly wide, almost
non-terminating, teils. However, along these tails, the instabiiity of
the gyroscope is not self-generating but reguires a bit of artificial
help t{o start the nutational motion going. Once disturbed, the motion
is divergent. ¥iil. an erpty cavity 2 similar initial disturbance

izvariaply demped.

With such broad tails it is impracticzl to define the widch of the
and. For our purpose we define the width at one half of its maximum
explizude and compare this with theoretical width at corresponding

2~ 3 o = - . = 43 3
keight, i.e., w = "1obs/"lth at 1/2 of (al) . This ratio, so defined,
is plotted vs. Re in Figure 11. Again, there is good correiation of

gvroscope results but disagreement with free flight and Ward's values.

25
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. ispl T ] i i
c. Displacement of ( o) with Viscosity

Examination of the resonance graphs shows clearly that there
is a progressive displacement of_ the observed peak of the resonance curve
with viscosity. Thus, with glycerine, the peak occurs at To = .026
(c/a2 = 3.03) whereas the nutational frequency, T, = .040, remains unchanged.
In other fineness ratios, 5.16 and 3.09, the peaks are similarly displeced.
However, in these cases the peositions of the peaks for glycerine are quite
uncertain and a.e omitted from the plot. The peak of other liquids also
might ve somewhat influenced by considerable asymmetiry of the resonance

curves.

The observed diiference, Tone = Tn is plotted vs. Re in Figure 12.
In this case, the formerly discordant two datz points, one from free
flight and another from ¥ard, are in somewhat better agreement with

gyroscope resulis.

The gquestiion may well be raised whether 'rn as modified by the
inertial properties of the liquid (Apperdix 3) is the appropriate refer-
ence, or should not i, of the empty system be used instead? With
mercury, for example, ghe observed Tn = .043 whereas that of the empty
gyroscope is T, = .036. The resonance peak appears much cioser to .Ch3
than to .036. Riso for glycerine the peak is at 7 = .026, whereas the
observed T_ = .ChO and thet of the empty gyroscope is Tno = .038. The
displacerment is clearly present. For the case of free flight firings,
the observed peak is at 7 = .035, whereas T, is .061 and with liguid

o
.065. Thus, the displacement of (To)max appears to be real.

4.2 Viscous Demping:

Relatively good correlation of the gyroscope results, in the form of
r, W, and At with Reynolds numbers indicate the importance of wvisccosity.
However, a significant disagreement between these results and r, w, and &t
as obtained from the free flight and from Ward's experiments suggest that

simple correlation with Reynolds numbers is inadequate.

27




To examine the effect of viscosity through the Navier-Stokes equations
is very difficult. However, in general, the effect of viscosity on the
osciilating fiuid system is to act as an energy sink or a damper. In a
mechanical analog this effect would be representable by a dash-pot. The
soiution for damped fluid oscillations, therefore, would contain imaginary
components in 2ll resonant frequencies terms. Any fluid freguency, thore-

) adtrd W

fure, would be of the form

10 = 100 + 10 (L)

2

3
B
a}
[¢]
)
1o

is the resonznt frequency of an inviscid fluid and 8 is the

damping factor of the To mode.

R Y (2)

where S is the "Stewartson parameter" previously defined. The solution
of this guadratic for T leads to

T +7T
o n, i 2
T=—G— i-a-/s-(to-'rn) . (3)

The nutational amplitude, in the absence of aerodynamic damping, is given
iwTt
constant X elm .

For instability only the imaginary part of T is important. Moreover, we
rust have

- 2

S - (To - ‘En) >0 ,
which is Siewartson'!s instability criterion, and take the negative sign
in front of the square root.

With viscous damping, Equation (2) becomes

S
T =T = = %
-7 - id) -
n k{t 0o id)

~~
4
L S




The solution for T becomes:

T 4+ T
o0 n, i
)

2

§ & &,/S + 82 - (Too - 'rn)2 -i 28(1’00 - 'rn)]‘(‘j)

el

2 2
S+ & '(‘oo'Tn)

=
"

n = 26(700 - Tn) .

The real negative part of the imaginary component of complex T is:

l/'; /m+:gm2+n2_5

N 2 * (6)

Av rescpance, i.e., when Too ~ Tn = 0> Equation (6) becomes particularly
simple. Call this viscous T,

T, = 1/2[,/5 + 8 - s} . (7

The inviscid Ti is
73 = 1/2 N (8)

2. The Amplitudes

The problem now is to determine & from the experiments., We
assume that the observed ratio of amplitudes, r, is egual to the ratio of

inviscid to viscous 1's, i.e.,

po 2 th_ T 48 | 9)
From Equation (9)
5=1/2.5 (r - %) . (10)
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The following table summarizes the values of r, w, and At previously
plotted in Figures 9, 1i, and 12. In the case of At only the &verages are

given.
Observed r, w, At

Source /8 r W BT % 167
Range 1.37 x 1072 3.7 2.3 10
Ward 0.87 x 1072 N 3.3 5
Gyroscope: 4000 rpm 6000 rpm

Hg B.69x1070l - faw |- @)

E 0 3.71 % 10| 2.8 - .k | - 2

0il .11 x 10| 5.9 | 5.6 3.0 | 2.9 5

Glycerine | L.16 x 102} 15.1 | 11.9 8.7 | 8.1] 16

For the gyroscope, the values of /S ars thase for cfa = 3.09.
x*
A plot of log b vs. log Re suggected

conste.
(Re)"

5=

Because of the distribution of the data, neither the constant nor the
value of n could be well determined. However, the following values
represent the data reasonably well.

n=1/%
constant = 0.155 % .017 s.d.
A compariscn of computed 'ri/'rv ("predicted”) with the observed r is shown
in Figure 13a. There are some indications that at lower Reynolds pumbers,
for Re < 107, the exponent n might be 1/5 and be more nearly 1/2 at higher

Reynolds nurbers. But present data are insufficient to make this distinction.

" The jorm of dependence of b on Reynolds numbers vas suggested by
Wedemeyer on Theoretical grounds, see Reference 6.
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b. The Width

In contrast to the inviscid solution which exhibits definite
band width, 2./5, the viscous solution, Equation (6), shows tails whose
amplitudes only asymptotically é.pproach zero. Hence, it is impractical
to define the rescnence band width. However, a very simple expression
for cheracteristic width can be obtained if we neglect m2 relative to
n2 under the square root of Equation (6). Such characteristic width,
then, cen be defined by the following equations

2 2
S+8 -(t._-t) +28(r_ -1)
’\/ 00 2!1 00 n -85=0. (ll)

From this it follows that the viscous half-width, is

V‘!=/§+5 . (12)

e inviscid half-width is

'n'i=./§ -

=

The ratio w = wv/wi =1+ 8//S, or

5=/§(V—l) - (13)

The width, w_, Equation (12) occurs from one third to one half of
the maximm amplitude. This depends on the value of '6// S. Therefore s
the ratiow =W v-/wi is not strictly comparabie to the previously used
ratio w at one half of the maximum amplitude. Nevertheless, the two
are compared in Figure 13b. For "predicted” values, W v/wi’ previously
found & = .135/ 1.\*/5173 was used. The agreement is fair.

c. Displacement of (To)nax

Interaction between oscillating fluid particles and the walls of
the cavity aprparently gives rise to the boundary layer. This boundary
layer, in twm, may produce an "effective" finemscs yaiio of the cavity,
slightly different from the geometrical. A rough estimate of this

effect can be made as follows.
32
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Let c/a be the geometrical fineness ratio. If the boundary layer
has thickness y, the "effective" ratio will be

The difference is

Pl

e
c-y__(ﬁ-l)
ey " T (%)
a

c c
M3 =3
From Stewartson's tables one finds that a change A(i—) produces a change
A‘to. The two are related by
A(%) 21.2(25+ 1) La . (15)

Equating Equations (1%) and (15), the desired answer is

£ -1)
A‘L‘o = - i.—é%ga.—;—i-)- (g) . (16)

Since A‘ro is known from observations, (%) can be computed and plotted vs.
Re. The results are:

é_c/aolx.OBG
o0 n 23+ 1 IVR—e

. (17)

A plot of "predicted" At _, computed by Equation (17), vs. observed is
shown in Figure 13c. The agreement is tolerable.

Finally, it is of interest to compare the observed resonance band
with that theoretically predicted with viscous damping included. The
theoretical curve was computed using Equation (6), i.e.,

1
(3 /m+.\}m2+n2 -5
2t z

(al)theory = z
with
5= <135
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exd compared with the observed o 's for oil, Figure 8, c/a = 3.03, 6000
rpme The comparison is given in Figure 1li. The agreement is excellent.
Particularly noteworthy is the theoretical appearance of wings in the
resonance band which were so conspicuous in gyroscope experiments with
more viscous fluids. Therefore, introduction of viscous damping clearly

improves the inviscid theory when applied to real fluids.

5 CONCLUDING REMARKS

Stewartson's inviscid theory still provides the best availabls
guide for predicting a priori the dynamic behavior of liquid carrying
shell with cylindrical cavity. It is suggested, however, that shell
designers will do better by taking into accoumnt the effects of viscosity
of their fluids. The following steps outiine the procedure to be

followed.

a. liztational frequency: This to be computed by taking inertial

properties of the liquid intc account.

I
=3ifo X
T, = 4./2 I (1+ o) (18)
y
where
I =3I +i, 19)
X X %
I = I + Oo” i -
AR A
I:,_o, Iyo are the axizl and transverse moments of inertia respectively of

the empty shell and ixo and Jy are those of the fluid regarded as a
0
rigid body. ’
b. The maximum divergence will occur at the principal fluid frequency
given oy
T =1 -4t (20)

where

. (21)
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c. From Stewartson's tables one finds the value of (c/a)/(2j + 1)

corresponding to above T . Let this be Ko' Therefore,
= j + -
(e/a), = Ky + 1) -
Tnese are the fineness ratios of the cavities at which maximum instability

will occur.

d. Because of the width of the resonance tand, the designer should
avoid fineness ratios in the vicinity of the critical (c/a)o. Half-width

of the resonance band is

- T =f§+8 -
Omax

Therefore, one should rind from the tables the limicing fineness ratios

corresponding to

To=fomi(/§+8)- (22)
Roughly, this is given by

AZ) = 1.2(25 + 1)(/5 + 8) - (25)
Therefore, the fineness ratios tc be avoided are

(§)0 £4(3) - (24)

It should be noted that the inviscid instability criteria

-1« <1
/S
with viscous correction becomes
T -1
) o n )
-(1+ < < {1+ =) _
L+ 72)<—75 7 (25)

dhere




An example: From our range firings, T, = .065. From Equation (21),
Ot = .011. Therefore > the maximum divergence will occur at fluid frequency
T = .065 -~ .011 = .05k. From Stewartson's tables for b2/8.2 = 0.10

Omax
(99 percent £ill) we find

cfa _ _ -
23+l-1.01;1;—x{0

[
)J
3

s 1

3
v

(c/a) =325 |

For this shell,

M3 = 1.37x 1072 .
5= 2.65 x 102
...JS_"' 8= .0&0

and by Equation (2h), the range of fineness ratios to be avoided
5015 + .1k

or from cfa = 2.99 to ¢/a = 3.27. From Figure 2 and tables we obtain

the follcwing:

Lover limit 7, = -020 c/a = 3.0

-030 c/a = 3.27 .

Upver limit T

o]

These numbers are in a fair agreement with the estimates by using

Eauation (253).
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With sligntly greater sophistication, the width of the resonance
vand, or the range of (c/a) velues about the critical should be determined
relative to aerodynamic damping. Only the rate of divergence of the
nutational component of Yaw which is in excess of the rate due to aero-
dynemic damping is important in practice. If, therefore, a, is the
aerodynemic demping rate, thep the width of the resonance band is to be

-

found from the condition

wl /o + m2+n2
2 2 o (26)
where
2 _ 2
a=5+8 - (1, -1 )
p = 25(:0 - T.om)
: =T -UO7 .
om n

From this one finds lower and upper 7, and, from the tables, corresponding

fineness ratios.
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APPENDIX 1

PEYSICAL AND DYNAMIC CHARACTERISTICS OF 20mm MODELS

ired in this program. Since their inferred characteris-
rowed no cystematic variation with fineness ratios of the cavities,

2Zwlts were comdined. All errors assigned to the mean values are

71 £.000k rad/cal

02
Troceccional Frequency @, ' = .0080 £.0001 rad/cal

rad/cal

| < 1 F-i
B

1]
Q
§
It
(e}
(W)
Lo
[
He
é

22— 9 .ALO =.012

Q
1]

Lono= 2o (1%0) = 065 £.001

= phyzical measuremenis of empty models prior to firings,




a
and
1 L2 Vv
T — = Q o =
s < 1.69 = .02 %5 5 T,
o

Encwins the ra-es, one can determine I, and I, separately.

Le-
IX = "XO *a ixo
i, = Ivo + 3 iyo

where i'o and iy refer to the liguid acting as 2 rigid body. We have:

2k .81 gm-crf i 2.7: gm-cr?

332.05 gm-cm2 i 17.68 gm-em®

-
<
I

fob
-
]

The firings indicaie that
—_ 7
¥ = .9¢

3 = .70

Jols

A1l firings were done at 2000 fps from 2 gun with a twist of rifling

1:215. OQther zerodynamic characteristics of ihe models are:

¢y .350 Wt kh.h gms
C. 2.07
&
Cy -30
O
k4
c, +C -12.0
pA 1
r&q A,
c, o-.012




3.20

n
.

N
-

x 1074

s 1074

il
i

per caliber, ¢

ver celiber
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APPENDIX 2

THEORY OF GYROSCOPE

e

This theory ic suffic

ently well known not to require full exposition

P

eference 7. However, a few brief remarks may be

v
$
*e
4]

£ ]
Ly ]
]
(¢

-

§ b
[e)
"
@
.5
1L
1]
“

)

let I, ve the polar moment of inertia of the rotor
I.. Iy', I.” ve the transverse moments of inertia of the rotor,
inner and outer girbals respectively, aboui the y axis

I., I, cimilaerly about z axis. Clearly, I,” = 0.

[l

21, = I, +I,° + 1"

I: = IZ * I! !
Tren, iT the syrcccope is so desined that
I ~ L 1ley,

I = diYOI:o be the moment abeut either axis.
Iet ur acoume that bearing friction can be represented as f,8, and
. 8. respectively., Horsover, if f, # f., as was the case with our

bearinrs, then the differential eguations of motion can be written as:

18 +: 8 +1I, nf -Kg = 0 W
1
I8 +72g -TI nj -K8 = 0O

whore n ic conciant opin in rad/fsec, and K, = gth is gravitationel moment.

o iz tne mass of the rotor and the inner gimbal and h is the center of mass-

pivot separziion. For the unsiable position, i.e., when c.m. is above the

k5




Define: 8 = 8, +1i g
The two equations can be ecmbined to give
I8+ (f-iTLn)s-KP® = O (2)
where i = A.
The characteristic equation of (2) is
I +[f-3iLnm-K, = O

The roots are complex giving two frequencies and two damping rates.

With an approximetion that £/I,n << 1, these are

Freaquencies Damping Rates
I,n

Nutation =2 (1) - £ (10)
I,n

Precession 2; (1-0) - g% (1-0)

1
where c=f1-=
" v s

I,%n° .
S =3 gyroscopic stability factor.
4IKO

Hon-dimensional frequencies zre

I,
T =_.( JU',
n = 37 (1%0)
I,
T‘ =ﬁ (1—0)

1
=1 -z-+ ...
=1 5 .
T ;—I—.x— i = Ko
P 21 2s I,{.2
It should be noted that if X, < O, statically stable position, s < O,

L6




5 > 1 and the precessional amplitude has a tendency to diverge at a rate
depending on the quality cf the bearing or on the value of f. For
statically unstable configuration, K, > 0, s > 0 and ¢ < 1, friction
damps both amplitudes.

If we introduce into one compecnent, say 8., an additional stabilizing

torgue, -%, due to measuring device, the equations become

I.év +Iln éz ‘(KO-K)GY = 0
1% -Lnd -K;8 =0

where friction, which does not affect the frequencies, was neglected.

It can be shown tmat, in this case, the new frequencies are:

I
Th = fl as before, and
MoK
P I

L7




APPENDIX 3
CONTRIBUTION OF LIQUID TO THE INERTTIAL PROPERTIES OF THE SYSTEM

Both in free flight and gyroscope experiments with liquids the
observed nutational frequency was always somewhat higher than for the empty

therefore, must have contributed its inertial properties
2

system. The liquid,
From free flight erxperiments it was found that the liqLid

to the system.
contrivuted 96 percent of its axial moment and ~0 percent of its transverse
rmomenis of inertia when considered as an equivalent rigid body.

gyroscope oifered an opportunity to find the liquid's contribution
The obvious choice of fluid is mercury for which

Tho

-—aall

vith greater accuracy.

i,
= .7
Ixo E
.o i
I—o' .60

Lgain, we define:

I, = J-xo o 110
I = I, +8 i,
io are the axial and transverse moments of inertia

where I‘o’ I, and i’o’
he rotor and of the liguid considered as a rigid hody, respectively.

E
v

From Appendix 2, it is easily seen tha

E - Grw)

n2

(Tn + TP) ]E

H|




2
+1 R R
(Tn Tp/ rs

T =T
n_ D =\/1_%

and
G
n*Tp
The fraquencies are directly observable guantities. If one knows I’o’

=R

and the moment K from pricr physical measurements, then, by
A series of

R’

determines I, and I, and, hence, o and B.
the results are given in the

and I
o]

exprerirents, one
run for this purpose and

<ings table:
Dynamic Properties of Mercury-Filled Gyroscope

Algl

Tollowing
¢fa = 5.16
Spin I
% Fill rpm x 1073 I o g
10C 2.5 .0k37 T .69
L0 .0t19 .98 .82
) L. O .05k 97 .Th
85 3.0 .0556 .97 .67 .
k.0 .0ks51 .95 .68
6.0 R0 HES .9k .69
80 3.0 .0456 .96 .68
75 3.0 L0458 .5 .67
Average .96 .70
Empiy .035¢
ough the exact agreement of average « and B with free flight
s fortuitous, the experiments indicate that the axial moment

1
60




of the empty system is fully augmented by tne axial moment of the liquid,
considered as a rigid body, and the transverse moment by TO percent.

The latter value appears to be in good agreement with the theoretical
value for an inviseid fluida. in the inviscid theory, there is no

contribution by the liquid to the axial moment of inertia of the system.




APPENDIX L

WARD'S EXPERIMENTS

tested Svewartson's theory with a gyrostat by varying fill-

ratios in 2 fixed cylindrizal cavity.

It is te be recalled that Stewartson's instability condition is:

o

jard found that the following limits best satisfy hic cbeervations:

(7o-74)
-3.9 < __0111_ < 2.7
32

Thus, the limits are considerably broader than predicted and asymmeiric

@

lative to The However, he did find that mazimum instability appeared
to coincide with the predicted position at 66 percent fill-ratio.

From the cited reference, the characterisiics of the gyrosiat are:

Cavity: a = 1l.k3 enm
c/a2 = 3.00
Volume = 55 cc

Hutational frequency, 7, = .112

Fluid: v 23.9 c.s.

1.2 gnfce  (assumed)

k-]
L}

With zbove characteristics of tne cavity and 7, = .112 we {iné, frco

Stewartson's tables at 70 =7,, 2R = .308 (Stewartson's R). Therefore

i
N




|
[N

]

|—l

(g
g

.

L

Upper limit .136 .38 62

verzge -107 -33 67

According to these estimaties, if the resonance band is symmetrical zbout
its maxisum, Uhe maximum chould occur at T, = .107 or at 67 percent £ili-

r2~io. This implies 2 shift of maxime from Tn

2 2 dizplacement of maxime will remove the asymmetry. In our experirents,
see FTifure 8 for oil, the rescnance curve is swmmetrical.

Tne widih of the band At = .058, whereas theoretical width 2/5 = .017.
e ratio, therefore, is 3.3. NMoreover, from Ward's graph of the rate of
divergance of the nutationzl ampliliude at rescnance, the amplitude doubles
in zboul 1.1 seconds. In owr notation, this implies @, = 0.6. Tae
23 v ;. 0 g = = +3 4% 2 Lk L
theoreticzl value is S = 2.75. Tre ratio, therefore, is 4.:.

These vesulis were used in comparison with our experirents.
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